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Abstract 
This paper represents a further contribution to the study of identification procedures for material mechanics resting on 
kinematic measurements provided by 2D Digital Image Correlation (DIC) at the microscale. Reference is made to 
non-conventional experiments on adhesively bonded assemblies industrially manufactured for aerospace applications. 
For calibration purposes a local approach is considered under plane stress conditions, focusing on a small sub-domain 
on the sample surface, in which mixed mode debonding is monitored. As a novelty, both the (cohesive) mechanical 
parameters of the interface and the actual boundary conditions prescribed at different time instants during the test are 
considered as unknowns to be estimated on the basis of full-field data. In this way, data smoothing and parameter 
identification procedures, so far usually performed in a sequence, are tackled simultaneously in a coupled framework. 
Since the inverse problem generalized as mentioned above turns out to be severely ill-posed, suitable regularizing 
provisions are applied, concerning the a priori regularity of (kinematic) displacement fields, from which boundary 
data are sampled, and the equilibrium (Neumann) conditions along the cracked part of the interface. 
© 2010 Published by Elsevier Ltd. Selection and/or peer-review under responsibility of H. Espinosa and 
F. Hild 
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1. Introduction  
During the last years, high-accuracy kinematic measurements at different observation scales provided 
by 2D Digital Image Correlation are being employed for an increasingly number of applications in 
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material mechanics. In particular, the availability of full-field data allows one to monitor during non 
trivial tests small sub-domains on the specimen surface, in which the phenomenon of interest turns out to 
be predominant. In this way, virtual tests on small sub-domain can be performed by prescribing local 
boundary conditions, which integrate or even supersede the overall boundary conditions prescribed to the 
whole tested sample (e.g., the reaction force). 
In this respect, the whole sample with its overall boundary conditions does not represent the unique 
reference of material mechanics for at least two kinds of considerations. i) The overall boundary 
conditions prescribed to the sample (no matter the static or kinematic ones) are usually regarded as 
certain, and they are deterministically prescribed in the numerical simulation of the whole specimen 
response without taking into proper account the gap between the ideal constraints and their actual 
response. ii) The utopia of elementary tests, explicitly conceived to provide a purely constitutive response, 
easily and accurately, is declining. Design of complex laboratory experiments, aimed at generating strain 
and stress fields close to those expected in service, and interpreted at the light of numerical simulations, 
are playing a more crucial role. 
As well known, adhesive properties depend significantly on several factors rather difficult to quantify 
and predict, such as environmental conditions (temperature, humidity, pressure, etc.) and the state of 
bonding surfaces. Against the collapse of joined assemblies, design codes for engineers (see e.g. [1]) 
suggest safety factors up to 4. To tackle this problem, in a previous paper [2] a numerical-experimental 
methodology has been developed to estimate the parameters governing the mixed mode response of an 
adhesive joint inside an industrially manufactured product. A local approach was proposed therein, 
focusing on a small plane sub-domain, referred to in what follows as the Region-Of-Interest (ROI), for 
which as loading history (Dirichlet) boundary conditions are prescribed at several time instants. Noise on 
boundary data (provided by DIC) affects the traction distribution at the interface and the stress and strain 
fields within the adherents, which turn out to be hardly legible. In fact, because of the elastic-plastic 
behavior of the metal adherents, even high frequency fluctuations are expected to propagate from the 
outer boundary into the sub-domain, and not be rapidly attenuated as occurs in linear elasticity. The 
slender geometry of the monitored sub-domain makes the situation even more difficult.  
In this study, an improvement of the original strategy is presented. The boundary displacements to be 
prescribed along the ROI border at different measurement instants, and amounting to a few thousands, are 
included as unknowns in the identification problem. The forward operator, based on a finite element 
discretization, is now regarded as a function of both the arguments, i.e. the cohesive parameters of the 
adhesive joint and the boundary displacements. 
Notation. Small strain and displacements are assumed. Bold symbols denote vectors and matrices.  
Nomenclature 
,,Ω ∂Ω ΩD  Interior part, frontier and closure of  2D Region-Of-Interest (ROI) 
, , ,
n t n tT T Δ Δ   Tractions and relative displacements at the interface 
{ }, , Tn n tφ δ δ=x      adhesive joint cohesive parameters 
u   In-plane displacement vector 
{ }TT T∂Ω=X x u  Augmented unknown vector 
H(X) Forward operator  
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2. Non conventional debonding tests and their simulation 
The main features of non-conventional tests performed on adhesively bonded assemblies, and their 
simulations by finite elements, are briefly outlined in what follows. For further details, the interested 
reader is referred to [2]. The experiments reported herein are applied to the characterization of a structural 
(60- mμ  thick) adhesive layer, made of BMS 5-101 produced by 3M (commercial denomination AF163 
degree 10), joining a (1.4-mm thick) laminate skin and a Z-shaped reinforcement (stringer), both made of 
GLARE composites for aerospace applications. Tests are designed and performed on rectangular joined 
specimens (surface area: 297 50×  mm2), in order to generate within the adhesive complex stress and 
strain states, up to a complete debonding under mixed mode conditions, see Fig. 1(a). A small region on 
the plane specimen surface around the adhesive layer (of area approximately equal to 0.6 1.3×  mm2) is 
selected as the 2D Region-of-Interest (ROI) and monitored during the test, see Fig. 1(b).  
(a)           (b)  
Fig.1. Joined sample subjected to non-conventional tests, up to failure of the adhesive joint (red-colored) under mixed mode loading 
conditions, in (a), and, in (b), the enlarged lateral view with the ROI location (dashed line), including the aluminum part of the 
composite adherents and the adhesive joint.  
Recourse is made to a 2D Digital Image Correlation (DIC) code based on a Galerkin, finite-element 
discretization of the plane displacement field, with Q4-(bilinear) shape functions [3]. The kinematic 
measurements at the micro-scale provided by DIC concern two strips belonging to the joined substrates, 
close to the adhesive layer, see Fig. 1(b). The adopted finite element model to be introduced in the sequel 
is consistent with such measurements. The behavior of aluminum substrates (cold-rolled 2024-T3 alloy) 
is modeled according to Ramberg-Osgood's model, with properties assumed to be known a priori with a 
sufficient accuracy. To describe the joint response under mixed-mode loading conditions, the exponential 
relationship proposed by Van den Bosch et alii [4] is adopted: 
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In Eq. (1), normal and tangential components of traction and displacement vectors are denoted by 
n
T  and 
n
Δ , and tT  and tΔ respectively. Symbols nδ , nφ , tδ and nr φ⋅ designate the characteristic lengths and the 
works-of-separation (for a unit surface) under pure Mode I (peel) and Mode II (shear), respectively, being 
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t / nr φ φ= the (non-dimensional) ratio between the tangential and normal works-of-separation, herein 
assumed to be known a priori. In what follows the three unknown parameters governing the adhesive 
layer behavior are gathered in a vector form, { }, , T
n n tφ δ δ=x . Full-field measurements are available at 
19tn =  time instants, since tn  pictures plus a reference one have been selected during the test 
(concerning different loading steps) and subsequently processed by DIC. Due to the adopted Galerkin-
finite element approach, at each space location displacements can be reconstructed by interpolation of the 
relevant nodal quantities. The 2D, plane-stress model adopted to simulate the mechanical response of the 
considered sub-domain is made of 570 finite elements, and the adhesive layer is discretized by means of 
39 cohesive elements with a finite thickness (see also [2]). 
The nonlinear relationship between the unknown parameters and the selected measurable quantities, 
will be referred to as forward operator, and denoted by the symbol: 
( )compΩ ∂Ω=u H x u      (2) 
In Eq. (2) the two arguments of the above operator are emphasized, namely the cohesive mechanical 
properties of the interface x, and the 2n∂Ω -dimensional vector ∂Ωu  gathering boundary displacements at 
different time instants 1, ..., ti n= , in what follows both included in a unique augmented vector X . In 
other terms, the augmented parameter space in the present case turns out to be the direct sum of the space 
of the nonnegative cohesive parameters, and the one spanned by boundary nodal displacements. The 
image space (i.e. range) of the forward operator Eq. (2), or data space (i.e. the space of measurable 
quantities compΩu ), can now be regarded as the direct sum of two sets, the one gathering nodal 
displacements belonging to the interior part of the ROI, i.e. and the analogous set relevant to the border, 
namely displacements over the closure Ω . As emphasized above, the numerical simulations of the 
fracture process within the monitored sub-domain are driven by displacement ∂Ωu  prescribed along the 
boundary at different time instants i ( 1, ..., ti n= ) during the test.  
Fig. 2.  Sensitivity of the horizontal displacement field xu with respect to horizontal displacement component prescribed at the 
upper left corner of the ROI  (the out-of-scale unitary value at the corner is cut), at the instant i =5 during the test simulation. 
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As discussed in [2], in a local approach such displacements at different instants have to be considered as 
independent boundary conditions, since they cannot be derived by any other model, neither at an upper 
scale, due to the uncertainty of overall conditions and to the complexity of nonlinear phenomena 
occurring inside the sample (plastic dissipation, multiple delamination, etc., see Fig. 1a).  
Sensitivity analysis is performed according to the Direct Differentiation Method [5], allowing for an 
extremely straightforward formulation and a very fast solution despite of the high dimensionality of the 
parameter vector. Figure 2 shows the sensitivity of horizontal displacement field with respect to the 
horizontal displacement component located at the upper left corner of the discretized domain, at the 
measurement instant i=5 during the test simulation. As expected, sensitivity vanishes along the ROI 
frontier since the other displacements along the outer border are independently prescribed, except at the 
reference node where it is equal to unity.   
3. Extended inverse problem 
In the original inverse methodology presented in [2], experimental displacements gathered in the 2n∂Ω -
dimensional vector exp( )i∂Ωu provided by DIC, were prescribed along the boundary ∂Ω of the monitored sub-
domain at different time instants with 1, ..., ti n= . The cohesive parameters of the joint were then 
estimated as follows: 
{ }{ }2exp comp1ˆ arg min ( ) ( )ω Ω Ω= = ⋅ −x Wx x S u u xD D  (3) 
In Eq. (3), the forward operator is indeed a function of the adhesive parameters only, with the simulations 
driven by DIC measurements expΩ∂u  deterministically prescribed along the outer boundary. In that case only 
the measurable quantities located closely to the joint inside the ROI, exhibiting the highest sensitivity, 
were selected via the Boolean matrix S1 and included in the cost function to minimize. 
In this study an extended inverse methodology is presented, which should be regarded as an improvement 
of the original one proposed by the same author in [2]. The cohesive parameters, i.e. { }, , T
n n tφ δ δ=x , and 
the "actual" boundary displacements at different instants, i.e. ( )i∂Ωu 1, ...,
t
i n=
 (superscript i omitted for 
brevity in what follows), are now gathered in the unique parameter vector { }T TT ∂Ω=X x u , and are the 
object of the present identification procedure. It is worth emphasizing that, for the problem at hand, there 
are a total of 4,000 unknowns. In this case, measured quantities (provided by DIC) belong to the whole 
problem domain Ω ≡ Ω ∪ ∂ΩD : their counterparts, computed as functions of the unknown parameters 
gathered in vector X , are expected to be close to the measured ones provided by DIC, but not exactly 
coincident with them, due to the presence of noise and model error.  
In principle, the extended identification problem could be straightforwardly formulated in a least-
square sense as follows: 
{ }
,
2 2
exp comp exp
2
ˆ
ˆ ˆarg min ( )
ˆ ˆ ˆ( ) ( ) ( )x x u uc R c R
ω
ω
∂Ω
∂Ω
∂Ω ∂Ω ∂Ω ∂ΩΩ Ω
=
= ⋅ − + − + +
x u
WW
X x u
S u u x u u u x uD D
 (4) 
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In Equations (4), symbols Rx and Ru denote non-negative regularization terms weighted by suitably 
penalty factors cx and cu, concerning the cohesive parameters and the boundary displacements, 
respectively. The regularization terms are identically null inside the relevant feasible domains, whilst they 
increase rapidly (but smoothly) moving away from it. Diagonal weighting matrices W scale and make 
non-dimensional the kinematic residuals. Unfortunately, the high number of simultaneous unknowns 
(nx 4,000 ) represents a dramatic drawback of the above formulation Eq. (4), exceeding by far sizes 
usually tackled by means of commercial software for optimization [6].  
Fig. 3. Vertical displacement field predicted by the FE model inside the ROI (all dimensions in mm), being prescribed along the 
boundary: in (a), the experimental (noisy) displacements expˆ Ω∂u  provided by DIC; in (b), the “actual” displacements ˆ Ω∂u  identified by 
the present inverse methodology. 
To further decrease the problem dimensionality and increase robustness of the inverse procedure, a 
formulation slightly different from the monolithic one in Eq. (4) is preferred herein. In fact, recourse is 
made to a sequentially decoupled, or staggered, strategy. At each iteration, interface parameters x are 
estimated whilst boundary conditions are taken constant from the previous iteration, namely the forward 
operator is regarded as a function of only one argument ( )H x < . The same is done in turn for the 
unknown boundary displacements. Moreover, further decoupling is exploited in the last stage, in such a 
way that boundary displacements relevant to different instants i are identified separately, thus reducing 
the number of simultaneous unknowns to approximately 200 for each sub-problem (with a reduction of 
20X in the number of unknowns). By the above strategy, different measurable quantities (displacements 
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at different locations) can be used as input of the (de-coupled) inverse procedures and selected depending 
on sensitivity distribution (through Boolean matrices S).  
Fig. 4  Stress component 11σ  [MPa] . Same mechanical context and conventions indicated in Fig. 2. 
As a matter of fact, sensitivities w.r.t. the cohesive parameters x exhibit the highest values close to the 
interface, whilst boundary displacement sensitivities are smeared over a larger portion of the ROI. 
Moreover, the minimization algorithms can be different for the two sub-problems. In fact, for the 
estimation of the cohesive parameters, first a (zero-order, derivative-free) direct search is used in order to 
avoid local minima (the Nelder and Mead Simplex, see e.g. [6]), followed by a gradient-based first-order 
minimization (interior-point, Trust Region Method) to refine estimates in the neighbourhood of the 
solution point. For the boundary displacement estimation, due to their high-dimensionality the use of 
zero-order search is absolutely prohibitive, and exclusively the Trust Region algorithm is used. With 
reference to point ii), it is worth noting that also in another study of the same Author [7], the de-coupled 
estimation of different mechanical parameter subsets, endowed by a partition of the data included in the 
objective function, has allowed one to achieve better identification results, especially when the noise level 
was increased. 
In what follows, some numerical results are discussed. In Figures 3(a)-(b) the vertical displacement 
field inside the ROI is shown at a generic instant of the test simulation (herein i =7), as predicted by the 
same finite element model updated according to two different strategies: in a), conventional identification 
of cohesive parameters only, as in Eq. (3), with noisy data (i.e., the experimental measurements 
exp ( )i
u provided by DIC) prescribed along the boundary, and, in (b), the extended formulation discussed 
above in Eq. (4). An analogous comparison is outlined in Figures 4 (a)-(b) with reference to the stress 
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component 11σ  . Both the displacements and stress field predicted by the FE model calibrated according 
to the extended inverse procedure in Eq. (4), namely Figs. 3(b) and 4(b), appear significantly less noisy 
and clearly more legible than those computed in the presence of noisy boundary data, Figs. 3(a) and 4(a), 
by tuning only the cohesive properties of the interface as indicated in Eq. (3). 
4. Closing remarks 
In this study, an inverse methodology has been presented, suitable to estimate simultaneously local 
boundary conditions and mechanical properties for an adhesively bonded assembly subjected to non-
conventional tests. Local kinematic measurements, provided by 2D Digital Image Correlation (DIC) at 
the microscale in a format that is fully consistent with the subsequent finite element discretization, 
supersede herein the overall boundary conditions concerning the whole sample (both the static and 
kinematic ones, usually uncertain), with a significant gain in terms of computation time and important 
reduction in model complexity. Kinematic data are adopted simultaneously to drive the mechanical 
simulation of the test (Dirichlet conditions prescribed along the outer boundary of the monitored sub-
domain at several time instants), and as comparison terms included in the objective function. 
The problem of smoothing experimental data, and the one of identifying the mechanical parameters, so 
far performed in a sequence, herein are tackled simultaneously in a coupled framework. The high 
dimensionality of the inverse problem, exceeding a few thousands of unknowns, is significantly reduced 
by a suitable staggered scheme, allowing one to perform a sequential decoupling between the estimation 
of cohesive parameters and the identification of boundary displacements at different instants during the 
test. Moreover, to increase robustness of the inverse procedure expected to be severely ill-posed, 
regularizing provisions are also adopted and effectively implemented through original formulations. The 
regularization terms, added as penalty factors in the objective function to minimize, enforce the 
smoothness of displacements fields, from which boundary data are sampled, and the equilibrium 
conditions along the cracked (i.e. traction-free) part of the joint. The results in terms of traction 
distributions, and strain and stress fields provided by the calibrated model with updated boundary data, 
turn out to be rather promising. 
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